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Let A be an m x n(0, I)-matrix having row sums > r and column sums < c. 
An upper bound for the l-width of A is obtained in terms of m, n, r, c. 
Stein [3] has given an upper bound for the l-width of m x n (0, I)- 
matrices with row sums > r and column sums < c. Stein’s method is 
derived from the work of Lorentz [2]. Tarakanov [4], using a sharper 
argument, has obtained a corresponding bound for square (0, I)-matrices 
with constant line sums. By extending Tarakanov’s method Henderson 
and Dean [l] obtained best possible bounds in the mr = nc case for certain 
small r and c. In this note we employ the argument of Tarakanov to obtain 
an improved bound for the l-width of (0, l)-matrices in the class con- 
sidered by Stein. 
THEOREM. Let A be an m x n (0, I)-matrix having row sums > r and 
column sums < c. The l-width of A is at most 
( (c - m/n)(r - l)c-l (c - l)! n l - (2r - 1)(3r - 2) * **a * (cr - c + 1) 1 ’ 
In order to prove this theorem we employ the Tarakanov argument as 
it is used in [l]. There it is shown that given an m x n (0, I)-matrix A with 
row sums r and column sums c it is possible to define a sequence of non- 
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negative integers (pC , pC-l ,..., pO} satisfying a triangular system of in- 
equalities: 
~t(rd--++l)Bd~mr-n(r-l), t=2,3 ,..., c (1) 
and the l-width of A is then bounded above by 
m - ((c - l)p., + (c - 2)pc4 + **- + p2). (2) 
In the case of row sums >/ r and column sums < c inequalities (I), (2) 
still apply. We also need the following sums which are readily proven by 
induction on d. 
LEMMA. For aJixed positive r, let 
(r - l)t-2 (t - 2) ! 
F(t) = (2r - 1)(3r - 2) . a** * (tr - t + 1) * 
Then 
d (d - l)! (r - l)d-l 
r~2~(f)=1-(2r-1)(3r-22).... - (dr - d + 1) 
and 
g20 - 1) 9x0 = 1 - d! (r - l)d-l (2r- 1)(3r-2)*****(dr-dd 1) * 
The theorem is obtained by first multiplying the tth inequality of (1) by 
I and summing over t 
g2 it (rd - f + 1) pd9)W 2 i (mr - n(t - 0) d0 
t=2 
Upon interchanging the order of the double summation we obtain 
i2 pd (h g2 v,(t) - i2 0 - 1) q(t)) 3 mr g2 &> - n g2 (t - 1) &>, 
or, applying the lemma, 
$2(d-1)pd2m-n+ (cn - m)(c - I)! (r - 1),-l (2r - 1)(3r - 2) . **. * (cr - c + 1) ' 
Using (2) this gives the inequality of the theorem. In the case that m = II 
and r = c the bound becomes exactly that obtained by Tarakanov [4]. 
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To facilitate comparison with the result of Stein, the bound of the 
theorem can be rewritten in the form of a sum by again making use of the 
last equation in the lemma. The resulting bound is 
f+ cn-??I c (r - l)t-1 (t - 1) ! c(r - 1) $SZ (2r - 1)(3r - 2) * *** *(tr-t+l)’ 
When mr = nc this bound is readily seen to be strictly stronger than that 
of Stein’s. In the more general nc 3 mr case the same conclusion can be 
drawn upon comparison of the convex region defined by (1) with the 
convex region defined by 
i r dpd 2 mr - n(t - l), 
a=t 
t = 2, 3 )...) c. 
The system (3) is equivalent to the system of inequalities implicit in 
Stein’s analysis. The conclusion follows since the minimum of 
xi=, (d - 1) pa within the convex region defined by (1) occurs at a point 
strictly interior to the convex region defined by (3). 
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